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including pseudopotentials. For the MV, HD and AKNS equations we calculate general- 
ized symmetries of such a hind. ?he solitary wave solutions are obtained through the 
transformation of trivial solutions. 

Symmetries play an important role in the construction of solutions of nonlinear partial 
differential equations (PDFS) [1,2]. They transform given solutions of the PDES to new 
ones. Furthermore, onelcan construct special solutions that are invariant under the 
symmetry transformations. The Noether theorem relates variational symmetries to 
conservation laws. 

In the following we shall consider systems of evolution equations 

( i j  

with ( x , t )  E R Z , u  = (u l  ,..., U,) E R" and u1 = D,(u) ,  U= = D z ( u )  ,... . 
D, and D, denote the operators of total differentiation with respect to t and x, 
respectively. 

The generators of the classical Lie point symmetries are operators of the form 

, - n  
u1 + K ( z , t ,  U ,  U,, . . . , = " 

a a a a 
ax  at aui aui ZI = F- t T- + 11"'- or equivalently ZI = (vu< - tu is  + r K i ) -  

where t ,  r and vu* are functions of I, t and U. The corresponding finite symmetry 
transformations, are given as the solution of the initial value problem 

d 5  
de 
d t  

- = t ( 5 , i , C )  

- = T ( 5 . l . C )  

Z ( L  = 0 )  = x 

t ( E  = 0 )  = t 

a;(& = 0 )  = ui 

- 
d &  ' -  

- dC, = 7 p ( Z , t , C )  
de 
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of the PDES defines a non-local potential variable pi through 

p -  15 = F, p .  I t  = Gi.  (2) 

In a similar way one can introduce higher order potentials from conselvation laws of 
the prolonged system (1) and (2). 

Non-local Lie-BPcklund operators are of the form 

a 
'U = IIU'(X,t,%UI,. ..,U I... .,P'a., 

where p denotes a collection of potentials. The prolonged Lie-Blcklund operator 
Vpr = 7fJ.a oui + qu'- -2- 8%;. + . . . + q p ; &  + . . . is determined from the invariance 
requirement of the equations U,= = D,(ui), . . . and p .  ,I = Fi, pi, = G, , .  . . . 
In general the prolongation does not close! neither for the local nor for the non-local 
variables and the finite symmetry transformations cannot be calculated. 

There are however some non-local Lie-BQcklund symmetries with closed prolon- 
gation [2]. They are equivalent to Lie point symmetries v = t& + T& + q".& -t 
I J P .  & of the prolonged system (1) and (2), where (, 7,q"' and +'. are functions of 
I, t ,  U and p. In this case it is possible to find the finite symmetry transformations. 
The theory of local and non-local Lie-Bticklund symmetries is also described in [3-71. 

Edelen [SI and Krasil'shchik and Vinogradov 19,101 proposed a generalization of 
the concept of non-local symmetries by including pseudopotentials of the PDES '(l), 
which we also denote by p. They are defined through the first order differential 
equations 

p i z  = F,(x,t,U,u2,. .. , u ~ . . . , ~ P )  
P ; ,  = Gi(~,t, u , ~ ~ , .  . . I U%...= > P )  

such that the integrability conditions p i Z t  - p i t ,  - - L F .  I - BG. , = 0 are fulfilled for 
all solutions of (1) [Ill. 

In this letter we calculate generalized non-local symmetries of this sort for the KdV, 
HD and AKNS equations. They are equivalent to Lie point symmetries of prolonged 
systems of PDES. The solitary wave solutions are obtained through the transformation 
of trivial solutions. 

The KdV equation 

U, t 6uuz + uIzz = 0 

has two known hierarchies of Lie-Backlund symmetries 

(3) 

a a 
au au v,, = (Rnu,) - 

where R = D: + 4u + 2u,Di1 is the recursion operator. The symmetries v, are 
local, whereas the symmetries 8,, are non-local for n 2. The true Lie-BBcklund 
symmetries do not have a closed prolongation. 

8, = [Rn(6tu,  - 1)]- ( n  = 0 ,1 , .  . .) 

The KdV equation has the well known pseudopotential p, with 
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which is closely related to the Lax pair. The second equation of (4) is in conservation 
form, and we define a potential p ,  by 

P2, = PI PZl = U* - 2(2X+ 21)PI. ( 5 )  

The inclusion of p ,  and p ,  leads to a new non-local Lie-Backlund symmetry w = 
p ,  e x p (  2 p z ) f i  of the KdV equation. The prolongation of this operator to the variable 
p ,  is determlned from the invariance requirement of (4), that is 

D=(qP') = -qy - 2 p l q P 1  
D t ( v p ' )  = D, [D,(C) - 2plq" - 2(2X + U)$"]. 

The solution is q P 1  = - i e x p ( 2 p 2 ) .  In order to calculate the prolongation to the 
variable p ,  we have to introduce another potential p ,  through 

~ 3 ,  = e x p ( 2 p 2 )  P31 = - U - 2 p f )  ~ x P ( ~ P , )  (6) 

and we obtain q p ?  = -1 4p3. 9 3  is determined by 

D , ( v P 3 )  = 2 q P 2 e x p ( 2 p 2 )  = - ; p 3 e x p ( 2 p 2 )  = - f p 3 p 3 ,  

and 

Dl(qp3) = 2[qy + 4p,qP'  - 2(4X - U - 2 p : ) q P z ] e x p ( 2 p 2 )  

= ( 4 X  - 21 - 2 p : ) p 3 e x p ( 2 p , )  = -+p3p3,. 

Thus p = - $ p z  and the prolongation is closed. 

a 1  a i a i a  
au a P 1  4 a ~ ,  4 a p ,  

wpr = P ,  ~ x P ( ~ P , ) -  - z ~ x P ( ~ P , ) - - -  - -p3- - -P:- 

is a Lie point symmetry for the prolonged system (3), (4), (5) and (6). The corre- 
sponding finite symmetry transformations are 

Z = 2  t = t  
- 

4 P 3  , p3  = - 
4 + EP3 

As an example we take the trivial solution U = 0. From (4), (5) and (6) with 
X > 0 we obtain the following special solutions for the potentials: 

p ,  = Li p ,  = L i ( z - 4 M )  

p - - e x p [ 2 f i ( z  - 4 X t ) J .  
1 

3 -  ~ f i  
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Substitution into (7) leads to the transformed solution 

which is the solitary wave solution if E > 0 and the trivial solution in the limit e + 0. 
For the HD equation 

U, -U%,,, = 0 (8) 

we define the variables p, and p, through 

a 

PZi = 2X(2UP1 - U,) 

PI, = 2 X 5 3 U P l -  U,) 
X a  

Pl, = 3 -PI 

R )  (9) 
Pa, = Pi 

and find the symmetry v = (U% - 2up,)exp(2p2)&. If we introduce another 
potential p, by 

P,, = X/ua exp(2pa) 
P,, = -2X (us, - 4X/u - ~ U , P ,  + 22~~: )  exp(2pz) (10) 

the prolonged Lie-Blicklund operator is equivalent to the non-projectable Lie point 
symmetry 

of the prolonged system ( S ) ,  (9) and (10). The finite symmetry transformations are 

From the trivial solution U = -1, we obtain with the help of (11) for X > 0 and 

6 
p, = fi pa = 6 ( x  - 4 X t )  p, = -exp[2fi(x - 4Xt) j  

2 
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where E < 0 and the function f(Z - 4Xs) is given implicitly by 

For the AKNS system 

ut - iu,, - 2iu2v = o ut + iu,, + 2iuv2 = 0. (12) 

The Lax pair gives two pseudopotentials p, and p2 

and we find the non-local symmetly v = p;& -p:&. If we define another potential 
p3 through 

(14) 
2 

P3, = PlP2 ~ 3 ,  = -i(up: + up2 -4 iXp1~2)  

the prolonged operator 

a 2 8  a a 2 8  = p2- - p,- - p1p3- - P2P3- - P3- 
'pr 2au a v  aP, bP2 aP3 

is a Lie point symmetry of the prolonged system (12), (13) and (14). The finite 
symmetry transformations are 

- P:' 
i = X  t = t  l i = u + & -  P; i i = v - e -  

l + E P ,  1 + " P ,  
~I ." 

p -- p3 . 
1 + EP3 

p -- Pl 
- 1 + "P, 

p -- Pz 
3 -  1 + EP3 2 -  

T "l .. - ..* ... I...-.. *I." "."- A .̂.̂Î̂ *I.̂ ^̂ -.-.,̂ .. m-.. ^^.:^C^^ 
L G L  " = -cl , W,,CIG L L L C  *,a, U C l L U L C J  LllG W L I I p C A  Lurr,"gd.rC. 1LlCll U >dll.X,CS 

the nonlinear SchrOdinger N I X  equation ut - iu,, + 2iu I U 12= 0. For the choice 
X E R, p2 = p: and E E R we have G = -li* and fi is again a solution of the 
NU- equation. In the following we will consider the NU- equation. 

The transformation of the trivial solution U = 0 yields with 

p ,  = exp[-iX(x - Z X t ) ]  p3 = x - 4 X t  

the new solution 

exp[2iX(i - 2 x i ) ]  
c = e  

l + E ( Z - 4 X i )  ' 

From the plane wave solution u = a e x p [ i ( p z  - ( 2 a 2  + p2) t ) ]  
obtain with X = p/Z and 

( a , D  E R) ,  we 

p, = exp[-$i(Px - ( 2 2  + @ ) t )  - a ( x  - 2 P t ) )  
p3 = - (1/2)aexp[-Za(x - 2@)] 
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the dark soliton solution 

fi = crexp[i(pj. - (2a2 + p2)?)]tanh 

The inclusion of pseudopotentials leads for the KdV, HD and AKNS equations to 
new non-local symmetries, which are equivalent to Lie point symmetries of prolonged 
systems of PDES. Analogous to the Backlund transformations these Lie-Backlund 
symmetries generate complex solutions, in particular the solitary wave solutions, from 
simple ones. The reason for this is that the transformations involve potential vari- 
ables, which are determined by integration. There is however no general relationship 
between the known Backlund transformations and the given Lie-Backlund symme- 
tries. 

It would be interesting to  investigate whether other integrable PDES also possess 
symmetries of such a kind and if the inclusion of higher order potentials leads to 
further symmetries. 

I would like to thank Professor E W Richter for many helpful discussions. 
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